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Effect of mc on b quark chromomagnetic interaction and on-shell two-loop integrals
with two masses

A. I. Davydychev* and A. G. Grozin†

Department of Physics, University of Mainz, Staudinger Weg 7, D-55099 Mainz, Germany
~Received 30 September 1998; published 10 February 1999!

The effect of a nonzeroc quark mass on theb quark HQET Lagrangian, up to the 1/mb level, is calculated
at two loops. The results are expressed in terms of dilogarithmic functions ofmc /mb . This calculation
involves on-shell two-loop propagator-type diagrams with two different massesmb andmc . A general algo-
rithm for reducing such Feynman integrals to the basis of two nontrivial and two trivial integrals is constructed.
@S0556-2821~99!05403-X#

PACS number~s!: 12.38.Bx, 11.15.Bt, 12.39.Hg
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I. INTRODUCTION

On-shell two-loop calculations in any theory containi
two massive fields with different masses and a massless
necessarily involve diagrams such as Fig. 1. Such diagr
appear, for example, in QED withe, m andt, in QCD with
b and c quarks, and in the electroweak theory. In gene
such diagrams have a two-particle threshold1 at p25M2, and
a three-particle threshold atp25(M12m)2, wherep is the
external momentum. There are two three-particle pseu
hresholds, atp25(M22m)2 and p25M2. Therefore, the
on-shell conditionp25M2 means that we are, at the sam
time, at the two-particle~pseudo!threshold and at the three
particle pseudothreshold.

Combining the identical massless denominators, we
express these diagrams via scalar integrals~see Fig. 2!

I ~n1 ,n2 ,n3 ,n4![2
1

pdE ddkddl

D 1
n1D 2

n2D 3
n3D 4

n4U
p25M2

,

~1.1!

where

D15M22~p1k!2, D252k2,

D35m22 l 2, D45m22~k2 l !2, ~1.2!

and d5422« is the space-time dimension~in the frame-
work of dimensional regularization@1#!. Evidently,

I ~n1 ,n2 ,n4 ,n3!5I ~n1 ,n2 ,n3 ,n4!.

*On leave from the Institute for Nuclear Physics, Moscow St
University, 119899 GSP Moscow, Russia. Email addre
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1It coincides with the corresponding pseudothreshold, since on
the particles involved is massless.
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Some integrals of this class have been already consid
in the literature@2–8#.2 Here we propose a general algorithm
based on integration by parts@11#, which reduces any inte
gral ~1.1! ~with integer ni) to the basis of two nontrivial
integrals~known near four dimensions up to finite terms
«) and two trivial ones.

In realistic calculations, we also get integrals~1.1! with
scalar numerators. In some cases, these numerators cann
directly expressed in terms of the denominators~1.2!. Such
integrals are denoted asĨ (n1 ,n2 ,n4 ,n3 ;n0) @wheren0 is the
power of the corresponding numerator, see E
~2.15!,~2.16!#, and they are considered in Sec. II. They c
be reduced to the same basis as the integ
I (n1 ,n2 ,n4 ,n3).

The integration-by-parts technique@11# was first devel-
oped in the context of massless calculations. Later it w
used in on-shell two-loop calculations with a single ma
@3,4,12,13# as well as in heavy quark effective theo
~HQET! @14# ~see a short review@15#!.

Recently it was shown@16# ~cf. also @17#! that any two-
loop propagator integral with generic masses and exte
momentum can be reduced to a finite set of basis integra3

However, in special cases such as thresholds and pseu
hresholds some general formulas of Ref.@16# become degen-
erate. Therefore, these cases require special examinatio
particular, here we propose a reduction algorithm for
integrals~1.1! and implement it as aREDUCE @19,20# pack-
age.

Integrals of this class appear in matching QCD to HQ
~see@21# for review and references!. Specifically, let us con-
sider theb quark HQET withmb[M , keeping one more
massive flavor,c, with mc[m. The coefficients in the HQET
Lagrangian~as well as in the 1/M expansion of QCD opera
tors! are derived by equating the on-shell matrix elements
QCD and HQET. In order to determine the coefficients in t
Lagrangian up to the 1/M level, it is sufficient to equate
scattering amplitudes of an on-shell heavy quark in an ex
nal gluon field:e
:

i-

of

2The asymptotic expansion of similar on-shell integrals has b
constructed in@9,10#

3The algorithm of@16# was originally implemented inFORM and
then @18# in MATHEMATICA .
©1999 The American Physical Society23-1
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ū~p8!taS F1~q2!
~p1p8!m

2M
1Gm~q2!

@q” ,gm#

4M Du~p!

5ūv~q!taS vm1
qm

2M
1Cm~m!Z̃21~m!m̃g0

@q” ,gm#

4M D
3uv~0!1OS q2

M2D . ~1.3!

Here p5Mv, q5p82p, p25p825M2; form factors on
the QCD side are F1(q2)511O(q2), Gm(q2)5mg
1O(q2); Cm(m) is the coefficient of the chromomagnet
interaction, the only nontrivial coefficient in the HQET La
grangian to this order;Z̃21(m)m̃g0 is the matrix element of
the renormalized HQET chromomagnetic operator@note that
Cm(m)Z̃21(m) does not depend on the normalization sc
m]; the spinors are related by the Foldy-Wouthuysen tra
formationu(Mv1k)5@11k” /(2M )1O(k2/M2)#uv(k) ~see
@22# for a recent short review of the status of calculations
coefficients in the HQET Lagrangian!. Two-loop anomalous
dimension of the HQET chromomagnetic operator~or Z̃)
was calculated in@23,24#. The chromomagnetic coefficien
Cm(m;M ) was calculated at two loops in@24#, under the
assumption that all other flavors~except the heavy flavor o
HQET! are massless; higher orders in the largeb0 limit were
summed in@25#.

Here we calculate the effect of nonzeroc quark mass on
the chromomagnetic interaction in theb quark HQET. The
HQET on-shell loop integrals without massive quark loo
contain no scale and hence vanish. Therefore, only the i
grals involvingc quark loops are relevant. A simple metho
for calculating such integrals was proposed in@5# ~and used
in @24#!. The QCD calculation involves the integrals~1.1!.
The nonzeromc effect on heavy-light bilinear quark curren
in HQET was considered in@5#.

II. ON-SHELL TWO-LOOP INTEGRALS
WITH TWO MASSES

Integrals~1.1! with n3<0 or n4<0 reduce to products o
one-loop ones, and are proportional toT1[I (1,0,1,0) with
rational coefficients. Integrals withn1<0 are two-loop
vacuum ‘‘bubbles,’’ an explicit formula for them can b
found in @3#; they are proportional toT0[I (0,0,1,1) with
rational coefficients. These trivial basis integrals are

T05~m2!d22G2~12d/2!, T15~Mm!d22G2~12d/2!.
~2.1!

FIG. 1. Two-loop self-energy diagram.
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Explicit general formulas for similar integrals with numer
tors can be found in Ref.@26#.4

When n1 , n3 , and n4 are all positive, we employ the
integration-by-parts technique@11#. Applying the operator
(]/]k)•(k2 l ) to the integrand of Eq.~1.1! and substituting
p• l→(p•k)(k• l )/k2 in the numerator, we obtain the recu
rence relation

4m2n441I 5@22d1n112n214n42~n112n2!~32242!

3211n1~22232142!11#I , ~2.2!

where, for example,46I (n1 ,n2 ,n3 ,n4)5I (n1 ,n2 ,n3 ,n4
61), etc. Because of the symmetry, we always may assu
thatn4>n3 ; the indexn4 can be reduced down ton451 by
Eq. ~2.2!. After that, we are left withI (n1 ,n2,1,1), plus
trivial integrals which can be expressed in terms of Eq.~2.1!.

Next we are going to reducen1 . To this end, we conside
recurrence relations obtained by applying (]/]k)•k and
(]/]k)•p to the integrand of~1.1!:

@d2n122n22n42n122112n4~22232!41#I 50,
~2.3!

@22n112n21n412n1~2212M2!112~2n21n4!1221

1n4~123221212122232!41#I 50. ~2.4!

We express2241I from Eq. ~2.3! and1241I from its 1221

shifted version, and substitute both into Eq.~2.4!:

@d22n1212~d2n121!12211n1~2214M2!11#I 50.
~2.5!

Now we express41I from Eq.~2.2! and substitute it into the
21 shifted version of Eq.~2.3!; adding Eq.~2.5! and substi-
tuting n35n451, we arrive at

4~M22m2!n111I ~n1 ,n2,1,1!

5@23d13n112n2151~d2n121!1221

24m2~32411d2n122n223!21#I ~n1 ,n2,1,1!.

~2.6!

This relation allows one to reducen1 down to n151 ~note
that the term with3241 is trivial here!. Thus we are left with
I (1,n2,1,1).

4Note thatI (21,n2 ,n3 ,n4)5I (0,n221,n3 ,n4).

FIG. 2. On-shell two-loop integral with two masses.
3-2
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EFFECT OFmc ON b QUARK CHROMOMAGNETIC . . . PHYSICAL REVIEW D 59 054023
Finally, substituting11I from Eq. ~2.6! and its shifted
version2211I into Eq. ~2.5!, we obtain atn15n35n451

@~3d22n226!2214~M21m2!~2d22n225!

116M2m2~d22n224!21#I ~1,n2,1,1!

5@~d22!12~4m22111!24m23241

3~4M22111!#I ~1,n2,1,1!. ~2.7!

This relation allows one to lower or raisen2 @note that the
integrals on the right-hand side of Eq.~2.7! are trivial#.
Therefore, all integrals~1.1! can be expressed via

I 0[I ~1,0,1,1!, I 1[I ~1,1,1,1!, ~2.8!

and the trivial integralsT0,1 ~2.1!, exactly ind dimensions.
The basis integrals~2.8! in d dimensions can be expresse
via hypergeometric functions3F2 ; see Appendix A.

Expressions forI 0,1 expanded in« up to the finite terms
can be, with some effort, extracted from any two indep
dent integrals out of those calculated in@2–7#. Some details
of this procedure are discussed in Appendix B. Introducin
dimensionless variable

r[m/M ~2.9!

and dilogarithmic functions5

L152Li2~2r !1 1
2 log2 r 2 log r log~11r !2 1

6 p2

5Li2~2r 21!1 log r 21 log~11r 21!, ~2.10!

L25Li2~12r !1 1
2 log2 r 1 1

6 p252Li2~12r 21!1 1
6 p2

52Li2~r !1 1
2 log2 r 2 log r log~12r !1 1

3 p2 ~r<1!

5Li2~r 21!1 log r 21 log~12r 21! ~r>1! , ~2.11!

the results for the integralsI 0,1 can be presented as

I 0

G2~11«!
52M224«F 1

2«2
1

5

4«
12~12r 2!2~L11L2!

22 log2 r 1
11

8 G2m224«F 1

«2
1

3

«
22 logr 16G

1O~«!, ~2.12!

5We adopt the notationL6 which has been used in@3–5# ~cf., e.g.,
Eq. ~A3! of @5#!. In @6#, the functionsL2 and L1 were calledR1

and R2 , respectively. In @8# the functions T1(r )522L2

1
1
2 log2 r1

1
3p

2 and T2(r )522L11
1
2 log2 r2

1
6p

2 were used.
They have a nice propertyT6(r 21)52T6(r ), and they are ana
lytic continuations of each other atr↔2r .
05402
-
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I 1

G2~11«!
5M 24«F 1

2«2
1

5

2«
12~11r !2L112~12r !2L2

22 log2 r 1
19

2 G1O~«!. ~2.13!

Equation~2.12! corresponds to a special case of more g
eral results for the sunset-like diagrams presented in@8#.
Equation~2.13! is equivalent to the result presented in E
~29! of Ref. @6#. In Appendix B, we discuss different ways t
derive it. Note that

L11L25 1
2 Li 2~12r 2!1 log2 r 1 1

12 p2

52 1
2 Li 2~12r 22!1 1

12 p2. ~2.14!

When dealing with diagrams like Fig. 1 with numerato
and reducing them to scalar integrals, one cannot dire
expressl •p via D1 . . . 4. Therefore, integrals similar to Eq
~1.1! but containing some extra numerators6 appear. Let us
define

Ĩ ~n1 ,n2 ,n3 ,n4 ;n0![2
1

pdE ddkddlN n0

D 1
n1D 2

n2D 3
n3D 4

n4U
p25M2

.

~2.15!

As compared to Eqs.~1.1!, it contains an extra factorN n0 in
the numerator, withn0>0 and

N5~2l 2k!•p. ~2.16!

Changing the integration momental↔k2 l , we obtain

Ĩ ~n1 ,n2 ,n4 ,n3 ;n0!5~21!n0Ĩ ~n1 ,n2 ,n3 ,n4 ;n0!.

In particular, whenn35n4 the integrals with oddn0 vanish.
Integrals withn3,4<0 or n1<0 are trivial, as before.

In principle, one could deal with Eq.~2.15! by gener-
alizing ~to higher n0) the substitutions like p• l
→(p•k)(k• l )/k2 @cf. Eq. ~2.2!#. However, the highern0 is,
the more cumbersome these substitutions are. An alterna
recursive way is to use the integration-by-parts procedu7

Applying (]/]k)•p to the integrand, we obtain the recu
rence relation

n44101 Ĩ 5@2n11n22M2n0021n1~2212M2!11

2n212212 1
2 n4~12222!41# Ĩ . ~2.17!

We may assumen4>n3 ; if n4.1, then bothn0 andn4 can
be reduced by Eq.~2.17!. Thus we are left with already
known integrals andĨ (n1 ,n2,1,1;n0) with evenn0 . Apply-
ing (]/]k)• l to the integrand, we obtain atn35n451

6These numerators are not really irreducible, like e.g. in the thr
point functions@27#, since the corresponding integrals can be
duced algebraically.

7A similar algorithm has been constructed in@10#.
3-3
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n11101 Ĩ ~n1 ,n2,1,1;n0!

5@2 1
4 n0~12222!0212n1321112n23221

1~2223212m2!41# Ĩ ~n1 ,n2,1,1;n0!. ~2.18!

If n1.1, then bothn0 andn1 can be reduced by Eq.~2.18!.
Now, we are left with known integrals andĨ (1,n2,1,1;n0)
with evenn0 . Finally, applying (]/] l )• l to the integrand, we
obtain atn15n35n451

~d1n023! Ĩ ~1,n2,1,1;n0!

52~2223214m2!41 Ĩ ~1,n2,1,1;n0!. ~2.19!

The right-hand side contains integrals with the samen0 but
n4.1; in them,n0 can be again reduced by Eq.~2.17!. In
this way, these more general integrals~2.15! are also reduced
to the basis ones,I 0,1 andT0,1.

III. EFFECT OF mc ON b QUARK
CHROMOMAGNETIC INTERACTION

First, we calculate contributions of a flavor with massm
~e.g., thec quark! to the mass and wave function renorma
ization constants of a quark with massM ~e.g., theb quark!
in the on-shell scheme~Fig. 1! in d dimensions. The result
are8

DZM5TFCF

g0
4

~4p!dF2
~d22!2~d25!

~d23!~d26!M4S T0

2r 2
1T1D

2
d229d116

~d26!M2
I 01

4~d25!~11r 2!

d26
I 1G , ~3.1!

DZQ5TFCF

g0
4

~4p!d

d21

12r 2 (
i 51

4

aiJi , ~3.2!

where

J15
~d22!2T0

~d23!~d25!~d26!M2m2
,

J25
~d22!2T1

~d21!~d23!~d26!M4
,

J35
I 0

~d21!~d26!M2
, J45

I 1

~d21!~d26!
.

The results for the coefficientsai in DZQ are

8In QCD, TF5
1
2 , CF5(N221)/(2N), CA5N, whereN53 is

the number of colors.
05402
a15~2d4r 42d4r 2239d3r 4121d3r 222d31272d2r 4

2159d2r 2130d22789dr41509dr22144d1770r 4

2566r 21216!/@4~d22!~d27!r 2#,

a25~d215dr2212d225r 2131!/2,

a35~2d3r 21d3217d2r 2212d2127dr2147d

18r 2256!/2,

a452~d3r 2212d2r 21d225dr4145dr226d

125r 4254r 215!.

After expansion in« up to finite terms, these formulas repro
duce the results of@3,4#.

In the casem50,

T05T150, I 152
3d28

4~2d27!
M2I 0 . ~3.3!

Note thatI 0 at m50 is called2M2d26I 1 in @24#. DZQ con-
tains a termJ1 /r 2;T0 /m4 which does not vanish in the
limit m→0. This means that there is no smoothm→0 limit
in DZQ @4#. Omitting theT0,1 terms and then settingm50,
we reproduce the results of@3,4# for the massless quark con
tributions, exactly ind dimensions.

In the casem→M ,

T15T0F11
d22

2
~12r 2!G1O„~12r 2!2

…,

I 152
3d28

4~d24!M2
I 0F11

12r 2

2 G2
3~d22!2

8~d23!~d24!M4

3T0F11
2d13

6
~12r 2!G1O„~12r 2!2

…. ~3.4!

Note thatT0 andI 0 at m5M are called in@24# M2d24I 0
2 and

2M2d26I 2 , respectively. Using this, we reproduce the r
sults of@3,4# for the contributions of the quark with massM,
exactly ind dimensions.

Now we calculate the contributionDmg of a flavor with
massm ~say,c) to the chromomagnetic moment of a qua
with massM ~say,b) ~Fig. 3!, taking into account the wave
function renormalization~3.1!. We use the background fiel
method@28#. Discontinuity in the limitm→0 in theCF term
has cancelled withZQ , but in theCA term it is still here. We

FIG. 3. Diagrams for the chromomagnetic moment:~b! implies
also the mirror symmetric diagram, and~c! has two orientations of
the quark loop.
3-4
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reproduce them50 result~by omitting T0,1 terms! and the
m5M result from the Appendix in@24#, exactly in d
dimensions.9

Combining this result with the corresponding HQET te
Dm̃g0 @24#, we obtain

Dmg2Dm̃g05TF

g0
4

~4p!d

1

12r 2FCF(
i 51

4

aFiJi1CA(
i 51

4

aAiJi G ,

~3.5!

with the coefficients

aF15~d3r 2211d2r 223d2133dr2130d219r 2271!/2,

aF252~d3r 222d3217d2r 2127d2189dr22116d

2133r 21151!,

aF35d4r 212d427d3r 2231d327d2r 21168d21105dr2

2375d2152r 21296,

aF454~d4r 21d3r 4215d3r 2217d2r 4185d2r 22d2

189dr42221dr216d2133r 41210r 225!,

aA152~d32d2r 2213d2111dr2152d226r 2264!/8,

aA25~2d3r 223d3229d2r 2139d21129dr22156d

2182r 21200!/4,

aA352~3d28!~d31d2r 2211d2211dr2138d

126r 2244!/4,

aA452~d4r 212d3r 4218d3r 212d3229d2r 41114d2r 2

218d21129dr42299dr2144d2182r 4

1282r 2228!.

Discontinuity in the limit m→0 in the CA term has can-
celled. The difference of this contribution and that of a ma
less flavor is finite as«→0; it represents the amount b
which the b quark chromomagnetic interaction coefficie
changes due to a nonzero mass ofc quark:10

DCm5TFS as

4p D 2F8CFAF1
4

3
CAAAG , ~3.6!

AF52r ~11r !~12r 24r 2!L11r ~12r !~11r 24r 2!L2

16r 2S log r 1
4

3D ,

9There is a typo in the Appendix of@24#: J0,1,2 should readJ1,2,3
10In the notations of@5#, AF5D224D3 .
05402
-

AA52~11r !~214r 2r 2!L12~12r !~224r 2r 2!L2

12 log2 r 1
1

3
p212r 2~ log r 11!.

It vanishes asr→0, whereas atr 51 it reproduces the resul
of Ref. @24# ~namely, the one with heavy quark loop!.

In the QED case (TF51, CF51, CA50, as→a), the
formula~3.6! is closely related to the contribution of a lepto
with massm ~e.g., electron ort) to the magnetic moment o
a lepton with massM ~e.g., muon!. Adding back the massles
contribution @which was subtracted in Eq.~3.6!# and reex-
pressing the modified minimal subtraction scheme (MS)
coupling in the one-loop contribution via the on-shell co
pling a(M )5a@12(2a/3p)log r#, we find that this contri-
bution is given by Eq.~3.6! with AF→AF2 2

3 log r225
18. It

was calculated in@2#; our result agrees with it~and has a
simpler form!.

Expanding Eq.~3.6! at r !1 andr @1, we obtain

AF5 1
2 p2r 12~4 logr 13!r 22 5

2 p2r 312~2 log2 r 2 14
3 log r

1 1
3 p21 44

9 !r 41 (
n53

` S 2gF~2n!log r 1
dgF~2n!

dn D r 2n

5 (
n50

` S 22gF~22n!log r 1
dgF~22n!

dn D r 22n,

AA53p2r 13~ log2 r 14 logr 1 1
6 p223!r 22 1

2 p2r 3

1 (
n52

` S 2gA~2n!log r 1
dgA~2n!

dn D r 2n

52 log2 r 1 43
3 log r 1 1

3 p21 239
18

1 (
n51

` S 22gA~22n!log r

1
dgA~22n!

dn D r 22n,

gF~x!5
1

x21
2

5

x23
1

4

x24
,

gA~x!52
2

x
1

6

x21
1

3

x22
2

1

x23
.

Note that loop effects of a very heavy flavor~say,t) do not
decouple inCm, because it is not directly measurable. Ad
ing (2 2

3 log r225
18) to the expansions ofAF , we obtain the

expansions of the contribution of a lepton with massm to the
magnetic moment of a lepton with massM in QED; they
agree with the expansions of@2# obtained in@29#. It is also
easy to obtain as many terms as needed in the expansio
3-5
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r→1 using the formulas forL2 via 12r or 12r 21 @see Eq.
~2.11!# and for L11L2 via 12r 2 or 12r 22 @see Eq.
~2.14!#.

IV. CONCLUSIONS

We have presented an algorithm which reduces any sc
integral Ĩ (n1 ,n2 ,n3 ,n4 ;n0) @given by Eq. ~2.15!# to two
trivial basis integrals~2.1! and two nontrivial ones, whose«
expansions up to the finite terms are given by Eqs.~2.12! and
~2.13!. The algorithm has been implemented as aREDUCE

package. It has been tested by evaluating about 27000 re
rence relations for specific values ofni , including those re-
lations which were not directly used for construction of t
algorithm. This package allows one to calculate, comple
automatically, the on-shell two-loop self-energy diagra
~Fig. 1! in any theory with two massive particles havin
different masses.11

We calculated the effect of nonzeromc on the b quark
chromomagnetic interaction coefficient~3.6!. Combining it
with the result formc50 @24#, we have numerically

Cm~mb!.11
13

6

as~mb!

p
1„14.14391Dm~mc /mb!…S as

p D 2

,

Dm~0.360.03!50.9860.07. ~4.1!

The effect is moderate and positive. This is the only no
trivial coefficient in the HQET Lagrangian up to 1/mb level.

Due to reparametrization invariance@30#, it also deter-
mines @31# the spin-orbit interaction coefficient—the mo
important spin-symmetry breaking coefficient at 1/mb

2 :

Cso~m!52Cm~m!21. ~4.2!
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This relation has a very simple physical interpretation.12 The
spin-orbit interaction is the interaction of a moving~nonrel-
ativistic! heavy quark with chromoelectric field. In the qua
rest frame, the field acquires a chromomagnetic compon
The quark chromomagnetic moment interacts with it, p
ducing the term 2Cm. There is also Thomas precessio
which compensates half of the chromomagnetic contribut
at the tree level. This is a purely kinematic effect due
Lorentz transformations, and hence it gets no corrections

The influence ofmc on other 1/mb
2 terms in theb quark

HQET Lagrangian, as well as on 1/mb expansions of various
QCD currents, can also be calculated using the prese
method.
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APPENDIX A: INTEGRALS IN d DIMENSIONS

Here we present the most general results for the integ
~1.1!. To indicate that the results of this appendix are va
for arbitrary powers of propagators, not only the integ
ones, we substituteni→n i .

Using Mellin-Barnes contour integral representation
the massive denominatorD 1

2n1 ~for details, see in@32#!, we
get
d.
I ~n1 ,n2 ,n3 ,n4!5
Md22n122n2md22n322n4

G~n1!G~n3!G~n4!

1

2p i E2 i`

i`

dsS M2

m2 D s

G~2s!GS n11n22
d

2
2sD

3

G~n31s!G~n41s!GS n31n42
d

2
1sDG~d2n122n212s!

G~n31n412s!G~d2n12n21s!
,

where the integration contour separates right and left series of poles ofG functions occurring in the numerator of the integran
If we close the contour to the right, we should sum over two series of poles.13 The general result can be presented as

11The package may be obtained from http://www.inp.nsk.su/~grozin/
12A.G.G. thanks I.B. Khriplovich for this interpretation.
13If we close the contour to the left, we get a more cumbersome result in terms of the hypergeometric series ofm2/M2, corresponding to

the analytic continuation of Eq.~A1!.
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I ~n1 ,n2 ,n3 ,n4!5~m2!d2n12n22n32n4H GS d

2
2n12n2DG~n11n21n31n42d!GS n11n21n32

d

2DGS n11n21n42
d

2D
G~n3!G~n4!GS d

2DG~2n112n21n31n42d!

35F4S n11n21n32
d

2
,n11n21n42

d

2
,n11n21n31n42d, 1

2 n1 , 1
2 ~n111!

n11n21 1
2 ~n31n4!2

d

2
,n11n21 1

2 ~n31n411!2
d

2
,n11n22

d

2
11,

d

2

UM2

m2D
1S M2

m2 D d/22n12n2 GS n11n22
d

2DGS n31n42
d

2DG~d2n122n2!

G~n1!G~n31n4!G~d2n12n2!

35F4S n3 ,n4 ,n31n42
d

2
, 1

2 ~d2n122n2!, 1
2 ~d2n122n211!

1
2 ~n31n4!, 1

2 ~n31n411!,d2n12n2 ,
d

2
2n12n211

UM2

m2D J , ~A1!

where

PFQS a1 , . . . ,aP

c1 , . . . ,cQ
UzD 5(

j 50

`
~a1! j . . . ~aP! j

~c1! j . . . ~cQ! j

zj

j !

is the generalized hypergeometric function; (a) j[G(a1 j )/G(a) is the Pochhammer symbol.
For trivial casesn150 andn350 ~or n450), the expression~A1! reproduces known results in terms ofG functions. When

n250 ~the ‘‘sunset’’ configuration!, the same result~A1! can be reproduced in this limit~i.e., p25M2 and two other masse
are equal! by taking two sums in the hypergeometric series of three variables presented in Ref.@33#.

One can see that for integer~non-negative! values ofn i both 5F4 functions in Eq.~A1! reduce, for arbitraryd, to a finite
sum of 3F2 functions of the same argument. For example, we get for our basis integralsI 05I (1,0,1,1) andI 15I (1,1,1,1):

I 0

G2~11«!
52

~m2!122«

«2~12«!
H 1

122« 3F2S 1,1
2 ,2112«

22«, 1
2 1«

U M2

m2 D 1S M2

m2 D 12«

3F2S 1,«, 3
2 2«

322«, 3
2

U M2

m2 D J ,

I 1

G2~11«!
52

~m2!22«

«2 H 1

2~12«!~112«! 3F2S 1,1
2 ,2«

22«, 3
2 1«

U M2

m2 D 2S M2

m2 D 2«
1

122« 3F2S 1,«, 1
2 2«

222«, 3
2

U M2

m2 D J ,

exactly ind5422« dimensions.14 Expansion ofI 0 and I 1 in « up to finite terms is given in Eqs.~2.12!,~2.13!.
f.
APPENDIX B: VARIOUS WAYS TO CALCULATE
BASIS INTEGRALS

Using a procedure similar to@7#, the result~2.13! can be
derived as follows. Note thatm4«I 1 and m4«I (2,0,1,1) are
dimensionless and depend only onr 5m/M . Differentiating
the definition~1.1! in M and taking into accountp5Mv, we
see thatI 1 should obey the differential equation15

r 2~d/dr !@r 21m4«I 1#52m4«I ~2,0,1,1!. ~B1!

14If M5m, one arrives at a representation in terms of3F2 func-
tions of the unit argument@11#.

15This equation can also be derived using the method of@34#.
05402
Therefore,

m4«I 15r E
r

`dr

r2
m4«I ~2,0,1,1!ur→r . ~B2!

The expression forI (2,0,1,1) can be taken, e.g., from Re
@8#:

I ~2,0,1,1!

G2~11«!
5~M2!22«F 1

2«2
1

1

2«
2

1

2
22 log2 r 12~12r 2!

3~L11L2!G1O~«!. ~B3!
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Substituting Eq.~B3! into Eq. ~B2! we get Eq.~2.13!.
An alternative derivation follows the method used in@6#.

The integrals~1.1! can be presented as

I ~n1 ,n2 ,n3 ,n4!52
i

pd/2E P12~k2! ddk

D 1
n1D 2

n2 U
p25M2

,

Pn3n4
~k2![2

i

pd/2E ddl

D 3
n3D 4

n4
. ~B4!

For instance, when we consider integrals withn351 and
n452 we get

P12~k2!5
l221

4m2l
log

l11

l21
1O~«!, l[A12

4m2

k2
.

~B5!

Moreover, we know thatP12(k
2) may be represented vi

dispersion integral,P12(k
2)5*dsr(s)/(s2k2), the explicit

form of the spectral densityr(s) being not relevant for our
discussion.

As the first example, let us consider the integ
I (2,0,1,2), which is convergent. Substituting the spec
representation forP12, combining the denominatorsD1

2 and
(s2k2) by the Feynman formula and, then, calculating t
integrals overk ands, we arrive at

I ~2,0,1,2!5E
0

1

dx
x

12x
P12~k2!U

k252M2x2/~12x!

1O~«!.

~B6!

If we consider, say,I (3,0,1,2), we get in the integran
(dP12(k

2)/dk2)uk252M2x2/(12x) . The second example i
I (2,1,1,2). In this case, the on-shell singularity can be se
rated viaP12(k

2)5@P12(k
2)2P12(0)#1P12(0). Note that

@P12(k
2)2P12(0)#/k25*dsr(s)/@s(s2k2)#. In this way,

we obtain

I ~2,1,1,2!

G2~11«!
52

~Mm!2222«

4«
2E

0

1

dx
x

12x

3
P12~k2!2P12~0!

k2 U
k252M2x2/~12x!

1O~«!.

~B7!

Integrals withn2.1 require more subtractions, and tho
with n1.2 involve derivatives.

After inserting the expression~B5!, the integrals overx
are of the following form:

E
0

1FA~x!

l~x!
log

l~x!11

l~x!21
1B~x!Gdx, ~B8!

where l(x)[luk252M2x2/(12x) @cf. Eq. ~B5!#, while A(x)
andB(x) are rational functions. Introducing the new variab
y ~the limits of they integration are also from 0 to 1!,
05402
l
l

a-

y5
x„l~x!21…

2r
, x5

r ~12y2!

y1r
,

1

l~x!

dx

dy
52

r ~12y2!

~y1r !2
, ~B9!

we see that all occurring structures become rational, sinc

l~x!5
112ry1y2

12y2
,

l~x!11

l~x!21
5

11ry

y~r 1y!
. ~B10!

Therefore, the integral~B8! can be expressed in terms o
dilogarithms. In this way, from Eq.~B6!, ~B7! we obtain

I ~2,0,1,2!5
L11L2

M2
1O~«!,

I ~2,1,1,2!

G2~11«!
5

1

4M2m214«F2
1

«
1r ~L12L2!12G1O~«!.

~B11!

This is enough to reproduce Eqs.~2.12!, ~2.13!.
Similar procedure can also be applied to the integr

I (n1 ,n2 ,n3 ,n4) with other values ofni , as soon as a suit
able subtraction can be performed. Apart from subtract
Pn3n4

(0) ~and higher terms of the Taylor expansion ink2),

subtractions ofPn3n4
um50 may also be considered.

Some further results of interest are

I ~1,0,2,2!522
L11L2

M2
2

L12L2

m2
1O~«!,

I ~2,0,2,2!5
1

4M2m2F r ~L12L2!122
2r 2 log r

12r 2 G1O~«!.

In particular, if we takeI (2,0,1,2) andI (1,0,2,2) as indepen
dent finite integrals, we get only ‘‘pure’’L16L2 combina-
tions, without logarithms, etc.

The results~2.12! and~2.13! can also be checked by usin
the formulas of Appendix A in@5#. The quantitiesD1,2,3 were
calculated there, which are certain combinations of the in
grals

~M2!22n12n2J~n1 ,n2![2
i

pd/2E P~k2,m!2P~k2,0!

D 1
n1D 2

n2
ddk

5I ~n1 ,n2,1,1!um502I ~n1 ,n2,1,1!

12I ~n1 ,n211,1,0!

1
4m2

d22
I ~n1 ,n211,1,1!, ~B12!

where
3-8
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P~k2,m!52S 11
4m2

~d22!k2D P11~k2!2
2

k2
P10

5m22«G~11«!F2
1

«
1S 11

2m2

k2 D
3S l log

l11

l21
22D G1O~«! ~B13!

is proportional to the fermion-loop contribution to the gluo
polarization operator.16 When an integral contains neither u
traviolet nor infrared~on-shell! singularities, it can be calcu
lated in four dimensions. Averaging 1/D1

n1 over the direc-
tions of k in four-dimensional Euclidean space, we obta
An1

/D 2
n1 , whereA05A2151, A15x, A25x2/(22x), and

k252M2x2/(12x). Therefore, convergent integrals a
given by

J~n1 ,n2!5E
0

1

Fn1n2
~x!@P~k2,m!

2P~k2,0!#k252M2x2/~12x!dx, ~B14!

Fn1n2
~x!5An1

~x!x322n122n2~12x!n11n223~22x!.

In terms of these integrals, the quantitiesD1,2,3 used in@5#
can be expressed as

D15 1
6 @2J~1,1!1J~2,0!#, D25 1

3 @J~1,1!2J~2,0!#,

D35 1
6 @J~0,1!2J~1,0!2J~2,0!#. ~B15!

This coincides with the integral representations@5#. Explicit
expressions forD i given in Eq.~A2! of @5# @which can be
obtained using the substitution~B9!# provide three indepen
dent checks on our basis integrals. Note that the inte
calculated in@3# is D5 1

4 (D11D3).
The integrals17

16In Refs. @3,5# the notation P(2m2/k2)[@P(k2,m)
2P(k2,0)#d54 has been used. To get thed-dimensional unrenor-
malized contribution to the gluon polarization operator, Eq.~B13!
should be multiplied by22TFg0

2(4p)2d/2(d22)/(d21).
17An integral of this type was considered in@4#, where the nota-

tion P̄(k2)[@P(k2,m)2P(0,m)#d54 was used.
05402
al

~M2!22n12n2J̄~n1 ,n2![2
i

pd/2E P~k2,m!2P~0,m!

D 1
n1D 2

n2
ddk

5
2~d21!

3~d22!
I ~n1 ,n2,2,0!

2I ~n1 ,n2,1,1!12I ~n1 ,n211,1,0!

1
4m2

d22
I ~n1 ,n211,1,1! ~B16!

have better infrared convergence but worse ultraviolet c
vergence. We defineD̄1,2,3 via

J̄~2,1!5D̄1 , J̄~2,0!2 J̄~1,1!5D̄2 , ~B17!

J̄~0,1!2 J̄~1,0!2 J̄~1,1!5D̄31
«

22«
J̄~0,2!. ~B18!

The combination of integrals on the left-hand side of E
~B18! is rather interesting. Ask→`, the combination of
their denominators behaves as

1

M2D2

2
1

M2D1

2
1

D1D2
⇒ «

~22«!k4
1OS 1

k6D ,

where ~on the right-hand side! terms vanishing when aver
aged over the directions ofk are omitted. The termO(1/k6)
gives an ultraviolet-convergent integral. The termO(«/k4)
might have been omitted, if an arbitrarily large ultraviol
cutoff were considered. Without the cutoff, it gives a pure
ultraviolet contribution ~similar to the axial anomaly!
« J̄(0,2)/(22«). The termD̄3 can be calculated atd54 us-
ing the convergent integral representation withF01(x)
2F10(x)2F11(x). Using Eq.~B9!, we obtained

D̄15 1
4 ~11r !~42r 1r 2!L11 1

4 ~12r !~41r 1r 2!L2

1~ 5
3 1 1

2 r 2!log r 1 14
9 1 1

2 r 2,

D̄253r ~12r 2!~L12L2!12~223r 2! log r 1 16
3 26r 2,

D̄353r ~11r !2~122r !L123r ~12r !2~112r !L2

23~124r 2! log r 1 19
4 215r 2

and checked that these expressions agree withd-dimensional
results obtained by our program asd→4. The integral calcu-
lated in @4# is D̄5 1

16 (4D̄113D̄222D̄3). Equations~2.12!
and ~2.13! can be reconstructed from any two out of fo
independent integrals from@3–5#.
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