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Effect of m. on b quark chromomagnetic interaction and on-shell two-loop integrals
with two masses
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The effect of a nonzero quark mass on the quark HQET Lagrangian, up to themiy level, is calculated
at two loops. The results are expressed in terms of dilogarithmic functioma 6fn,. This calculation
involves on-shell two-loop propagator-type diagrams with two different masgend m.. A general algo-
rithm for reducing such Feynman integrals to the basis of two nontrivial and two trivial integrals is constructed.
[S0556-282199)05403-X

PACS numbgs): 12.38.Bx, 11.15.Bt, 12.39.Hg

[. INTRODUCTION Some integrals of this class have been already considered
in the literaturd 2—8].2 Here we propose a general algorithm,
On-shell two-loop calculations in any theory containingbased on integration by part&1], which reduces any inte-
two massive fields with different masses and a massless fie@ral (1.1) (with integern;) to the basis of two nontrivial
necessarily involve diagrams such as Fig. 1. Such diagranigtegrals(known near four dimensions up to finite terms in
appear, for example, in QED wity « andr, in QCD with &) and two trivial ones.

b and ¢ quarks, and in the electroweak theory. In general, N realistic calculations, we also get integrals1) with
such diagrams have a two-particle threshalth?= M2, and  Scalar numerators. In some cases, these numerators cannot be

a three-particle threshold af= (M +2m)2, wherep is the directly expressed in terms of the denominatr®). Such

external momentum. There are two three-particle pseudofitegrals are denoted &n;,n,,Nn,,N3;no) [Whereny is the
hresholds, ap?=(M—2m)2 and p2=M?2. Therefore, the POWer of the correspondmg numerator, see Egs.
on-shell conditionp?=M?2 means that we are, at the same (2.15,(2.16], and they are considered in Sec. Il. They can

time, at the two-particlépseudgthreshold and at the three- Ibe reduced to the same basis as the integrals
particle pseudothreshold. (N1.n2.N4.13).

Combining the identical massless denominators, we caf (-argein”ltr?grc?gr?trgzy;)aarrrgsasflzggl(llzg?clalg\tl%?sﬂrslfa?(eervietl-was
express these diagrams via scalar integfsd® Fig. 2 P '

used in on-shell two-loop calculations with a single mass
[3,4,12,13 as well as in heavy quark effective theory
(HQET) [14] (see a short revieWl5]).
Recently it was showip16] (cf. also[17]) that any two-
' loop propagator integral with generic masses and external
p2=M?2 momentum can be reduced to a finite set of basis integrals.
1y However, in special cases such as thresholds and pseudot-
hresholds some general formulas of R&6] become degen-
where erate. Therefore, these cases require special examination. In
particular, here we propose a reduction algorithm for the
D;=M2—(p+Kk)2, D,=—k? integrals(1.1) and implement it as &ebuce [19,20 pack-
age.

Integrals of this class appear in matching QCD to HQET
(seg[21] for review and referencesSpecifically, let us con-
sider theb quark HQET withm,=M, keeping one more
and d=4-2¢ is the space-time dimensiofin the frame-  massive flavorg, with m;=m. The coefficients in the HQET

’ ) 1f d%adl
N2 N3Ny == —4 | h, “namna
m) DI'D2DED !

Dy=m?—12, D,=m?—(k—1)2, (1.2

work of dimensional regularizatiofi]). Evidently, Lagrangian(as well as in the M expansion of QCD opera-
torg) are derived by equating the on-shell matrix elements in
1(N1,N5,N4,N3)=1(Ny,N,,N3,Ny,). QCD and HQET. In order to determine the coefficients in the

Lagrangian up to the M level, it is sufficient to equate
scattering amplitudes of an on-shell heavy quark in an exter-

*On leave from the Institute for Nuclear Physics, Moscow StateN@l gluon field:

University, 119899 GSP Moscow, Russia. Email address:
davyd@thep.physik.uni-mainz.de
TPermanent address: Budker Institute of Nuclear Physics, Novosi- 2The asymptotic expansion of similar on-shell integrals has been
birsk 630090, Russia. Email address: A.G.Grozin@inp.nsk.su constructed irf9,10]
Lt coincides with the corresponding pseudothreshold, since one of *The algorithm of{16] was originally implemented irorm and
the particles involved is massless. then[18] in MATHEMATICA.
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FIG. 1. Two-loop self-energy diagram. p

FIG. 2. On-shell two-loop integral with two masses.

— , (P+p')* L[4, 7] o S _
u(p")t| F1(a) =+ (a9 33— | U(P) Explicit general formulas for similar integrals with numera-

tors can be found in Ref26].4

— a g~ S_1, [4, "] Whenn,, ng, andn, are all positive, we employ the
=u,(g)t U“+m+cm(ﬂ)z (M)MQOW integration-by-parts techniquill]. Applying the operator
dldk) - (k—1) to the integrand o 1.1) and substituting
(9/9K)- (k—1) he i d of Eq(1.1) and substituti
q? p-1—(p-k)(k-1)/k? in the numerator, we obtain the recur-
XU, (0)+0O tvell (1.3 rence relation

Amn 4t =[—2d+n;+2n,+4n,— (N, +2n,)(37—47)
Here p=Mv, q=p’—p, p’=p’'?’=M?; form factors on + N
the QCD side are Fy(g?)=1+0(q?), Gm(d?)=pq x2itm(2 =3 4Tl 2.2
.+(9(q2)_; C() is the co_e_fficient c_)f_the .chromomagnetic where, for example,4<1(ny,ny,Ns,Ny)=1(N1,N5,N3,N,
interaction, the only nPntr|V|al coefficient in the HQET La- + 1), etc. Because of the symmetry, we always may assume
grangian to this orderZ ~*(u) g is the matrix element of thatn,=n;; the indexn, can be reduced down tm,=1 by
the renormalized HQET chromomagnetic opergtmte that  Eq. (2.2). After that, we are left withl(n,,n,,1,1), plus
Ci(1)Z~Y(u) does not depend on the normalization scaletrivial integrals which can be expressed in terms of @dfl).
w]; the spinors are related by the Foldy-Wouthuysen trans- Next we are going to redua®g, . To this end, we consider
formationu(Mv +k)=[1+k/(2M)+ O(k*/M?)]u, (k) (see recurrence relations obtained by applying/dk)-k and
[22] for a recent short review of the status of calculations of(d/Jk) - p to the integrand of1.1):
coefficients in the HQET LagrangianTwo-loop anomalous

dimension of the HQET chromomagnetic operator Z)
was calculated i123,24. The chromomagnetic coefficient
Cn(uw~M) was calculated at two loops ir24], under the _ P ot
assumption that all other flavotsxcept the heavy flavor of [=2ny+2nptn,+2n, (27 +2M517 = (20,0172
HQET) are massless; higher orders in the laggdimit were +ny(17372"—1"+2"—-37)4"]I=0. (2.9
summed in25].

Here we calculate the effect of nonzer@uark mass on  We expres2~4"1 from Eq.(2.39 and1 47| fromits1~ 2"
the chromomagnetic interaction in thequark HQET. The shifted version, and substitute both into £B.4):
HQET on-shell loop integrals without massive quark loops
contain no scale and hence vanish. Therefore, only the inte-[d—2n;—1—(d—n;—1)1"2" + n,(2-+4M?)1%]1=0.
grals involvingc quark loops are relevant. A simple method (2.9
for calculating such integrals was proposed%h (and used . . o
in [24]). The QCD calculation involves the integrals.1). N+°W we expresd” | from Eq.(2.2 and substitute it into the
The nonzeran, effect on heavy-light bilinear quark currents 2 _shifted version of Eq(2.3); adding Eq.(2.5) and substi-
in HQET was considered ifb]. tuting nz=n,=1, we arrive at

[d_n1_2n2_n4_n1271+_n4(27_37)4+]| :O,
(2.3

4(M2—m?)n;171(ny,n,,1,1)
II. ON-SHELL TWO-LOOP INTEGRALS

WITH TWO MASSES =[—-3d+3n;+2n,+ 5+(d—n1—1)172+
Integrals(1.1) with n;<0 orn,<0 reduce to products of —4m?(3 4" +d—n;—2n,—3)2"7]1(ny,n,,1,1).
one-loop ones, and are proportional Te=1(1,0,1,0) with 2.6

rational coefficients. Integrals witm;<0 are two-loop

vacuum “bubbles,” an explicit formula for them can be This relation allows one to reduag, down ton;=1 (note

found in [3]; they are proportional td,=1(0,0,1,1) with  that the term witt8~4" is trivial here. Thus we are left with
rational coefficients. These trivial basis integrals are 1(1,n,,1,1).

To=(M?972T2(1—d/2), T;=(Mm)42T3(1—d/2).
(2.2 “Note thatl (—1,n,,n3,n,)=1(0,n,—1,n3,n,).
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Finally, substitutingl*l from Eg. (2.6) and its shifted
version2~ 1" into Eq.(2.5), we obtain an;=nz=n,=1
[(3d—2n,—6)2" +4(M?+m?)(2d—2n,—5)
+16M2m?(d—2n,—4)2%]1(1,n,,1,1)
=[(d—2)1" (4m?2* +1)—4m?3~ 4"

X (4M227 +1)]1(1,n,,1,1). (2.7

This relation allows one to lower or raisg [note that the
integrals on the right-hand side of EQ.7) are triviall.
Therefore, all integral$l.1) can be expressed via

1,=1(1,0,1,3, 1,=1(1,1,1,, (2.9

and the trivial integralsTy; (2.1), exactly ind dimensions.

PHYSICAL REVIEW D 59 054023

I
T2(1+¢)

e i+3+2(1+r)2|_ +2(1-r)2L
252 2¢ - -

19
—2|ogzr+7 +0O(e). (2.13

Equation(2.12 corresponds to a special case of more gen-
eral results for the sunset-like diagrams presented8in
Equation(2.13 is equivalent to the result presented in Eq.
(29) of Ref.[6]. In Appendix B, we discuss different ways to
derive it. Note that

L.+L_=2Lis1—r?)+log?r+ &5 72
=—1Li,(1-r 2+ L 72

(2.19

When dealing with diagrams like Fig. 1 with numerators
and reducing them to scalar integrals, one cannot directly

The basis integral$2.8) in d dimensions can be expressed expresd -p via D; 4. Therefore, integrals similar to Eq.

via hypergeometric functiongfF,; see Appendix A.
Expressions foty; expanded ire up to the finite terms

(1.1) but containing some extra numerafoeppear. Let us
define

can be, with some effort, extracted from any two indepen-

dent integrals out of those calculated[ih-7]. Some details

of this procedure are discussed in Appendix B. Introducing a

dimensionless variable

r=m/M (2.9
and dilogarithmic functiorts
L,=—Liy)(—r)+3log?r—logrlog(1+r)— % a?
=Li(—r Y +logr tlog(1+r~ 1), (2.10

Lo=Lix(1-r)+3log?r+im2=—Li(1—r H+iz?
=—Liy(r)+3log’r—logrlog(1—r)+im? (r<1)

=Li(r H+logr tlog(l—r~1Y) (r=1), (2.1

the results for the integralg ; can be presented as

lo 1 5
— =M% —4+—+2(1-rDAL, +L_
I2(1+¢) {282 ze P27

1

3
_m2-4e| . — _
m 82+8 2 logr+6

11
—2|092r+§

+0(e), (2.12

SWe adopt the notatioh . which has been used [8-5] (cf., e.g.,
Eq. (A3) of [5]). In [6], the functionsL _ and L, were calledR;
and R,, respectively. In[8] the functions T*(r)=—-2L_
+3log?r+37 and T (r)=—2L,+3 log?r—s7* were used.
They have a nice properf§y=(r—)=—T(r), and they are ana-
lytic continuations of each other at> —r.

~ ! dkd Ao
|(n1,n27n3,n41n0)=_ﬁ D21D22D23D24

p2=M2

(2.19

As compared to Eg€1.1), it contains an extra facto¥™ in
the numerator, witmy=0 and

N=(21—K)-p. (2.16

Changing the integration momenita>k—1, we obtain
T(nl!n21n4ln3;n0):(_1)nOT(n1!n2!n3!n4;n0)'

In particular, whemsz=n, the integrals with oddhg vanish.
Integrals withnz ,<0 or n;<O0 are trivial, as before.

In principle, one could deal with Eq2.15 by gener-
alizing (to higher ng) the substitutions like p-I
—(p-k)(k-1)/K? [cf. Eq. (2.2)]. However, the higheny is,
the more cumbersome these substitutions are. An alternative,
recursive way is to use the integration-by-parts procedure.
Applying (d/9k)-p to the integrand, we obtain the recur-
rence relation

N4 0 T=[—n;+n,—M?n,0~ +n,(2”+2M?)1*
(2.17)

We may assuma,=ns; if n,>1, then bothny andn, can
be reduced by Eq(2.17. Thus we are left with already
known integrals and(n;,n,,1,1:n,) with evenn,. Apply-
ing (d/9k) -1 to the integrand, we obtain ag=n,=1

—n,1 2" —in,(17—27)4H]l.

5These numerators are not really irreducible, like e.g. in the three-
point functions[27], since the corresponding integrals can be re-
duced algebraically.

A similar algorithm has been constructed[i0].
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n;170*T(ny,n,,1,1;n0) 2
—[—ing(1 —27)0 +2n,3 1% +2n,3 2" @
+(27 =37 +2m)4*JT1(ny,n,,1,1:n;). (2.18 (a) (b) (e)

FIG. 3. Diagrams for the chromomagnetic momehj}:implies
If n;>1, then botm, andn, can be reduced by E¢2.19. also the mirror symmetric diagram, afg) has two orientations of

Now, we are left with known integrals and1,n,,1,1;n,) the quark loop.
with evenng. Finally, applying ¢/4dl) -1 to the integrand, we

obtain atn;=nz=n,=1 a, = (2d%r4— d*r2—39d%r4+ 21d3r 2— 2d3+ 2724%r 4
(d+no—3)T(1,n21,1:0) —159°r2+30d%— 78 r*+50dr2— 144d+ 770r*
~ —566r2+216)/[4(d—2)(d—7)r?],
=—(27 -3 +4m?»)4"T(1n,,1,1n0).  (2.19

a,=(d?+5dr2—12d— 252+ 31)/2,
The right-hand side contains integrals with the sarpdut

n,>1; in them,ny can be again reduced by E@.17). In az=(2d%?+d3—17d%r2—12d>+ 27dr2+ 47d
this way, these more general integrédsl5 are also reduced 5
to the basis onesd,; and Ty ;. +8r°-56)/2,

— 3,2 __ 2,2 2_ 4 2_
lll. EFFECT OF m, ON b QUARK 3= 2(d*r"—12d°r"+d"—5dr"+45dr"—6d
CHROMOMAGNETIC INTERACTION +25r4—54r2+5).

Flrsttﬁ we calculat?hcontrlbutlor&s ofa f]!avotr_ with mass . After expansion ir: up to finite terms, these formulas repro-
(e.g., thec quark to the mass and wave function renormal- g o the ‘results df3,4].

ization constants of a quark with maksk(e.g., theb quark

in the on-shell schemg-ig. 1) in d dimensions. The results

aré 3d-8
To= =0 b= =354

In the casan=0,

M?2l,. (3.3

AZM:TFCF -

g [ (d—2)%d-5) /E”)
(4m9  (d—3)(d—6)M*\ 2r2  *

Note thatl, atm=0 is called—M?2?~8], in [24]. AZ, con-
tains a termJ; /r~T,/m* which does not vanish in the
d>-9d+16  4(d—5)(1+r?) limit m— 0. This means that there is no smoath-0 limit

T oM ot a—6 [, 3D in AZ, [4]. Omitting theT,, terms and then setting=0,
we reproduce the results [8,4] for the massless quark con-
tributions, exactly ind dimensions.

4 4
d-1 N
AZo=TeCr Y0 > ad;, (3.2 In the casen—M,
(4m4 1-r2i=1 d—2
Ti=To 1+ ——(1—r?) |+ 0O((1-r?)?),
where 2
; (d—2)°T, - 3d-8 | {1+ 1—r2} 3(d—2)?
Y (d—3)(d—5)(d—6)M2m?’ Yo4d-am2° 2 | 8(d—3)(d—4)M*
2d+3
B (d—2)%T, XTo 1+ —¢ (1-r2) [+ O((1-r?)?). (3.9
2 (d—1)(d—3)(d—6)M*’
Note thatT, andl, atm=M are called if24] M2~4I2 and
I I —M?24-6],  respectively. Using this, we reproduce the re-
J3= v Ja= —. sults of[3,4] for the contributions of the quark with malsg
(d=1)(d-6)M? (d=1)(d=6) exactly ind dimensions.
o ) Now we calculate the contributioA x4 of a flavor with
The results for the coefficients in AZq are massm (say,c) to the chromomagnetic moment of a quark

with massM (say,b) (Fig. 3), taking into account the wave

function renormalizatior§3.1). We use the background field
8n QCD, Tp=32, Cr=(N2-1)/(2N), Co=N, whereN=3 is  method[28]. Discontinuity in the limitm—O0 in theCg term
the number of colors. has cancelled witll , but in theC, term it is still here. We
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reproduce then=0 result(by omitting Ty, termg and the

m=M result from the Appendix in[24], exactly in d
dimensions.

Combining this result with the corresponding HQET term

Ay [24], we obtain

4 4 4
~ 90
A:U«g_AIUng (4 )d 2 CFE ar;J; +CA2 anidi|,
(3.5
with the coefficients
ap;=(d32—11d%r?—3d?+33dr?+30d— 12— 71)/2,
ap,=—(d%?—2d3—17d%r?+27d?+89dr?— 116d
—1332+151),
apz=d*r?+2d*—7d%2—31d3— 7d%r2+ 168d°+ 105dr?
—3750— 1522+ 296,
ap,=4(d*r?+d%*—15d%2— 17d%r*+ 85d%r?—d?
+89dr*—221dr?+6d—133%+2102—5),
A= —(d3—d?r2—13d?+ 11dr?+52d — 26r>—64)/8,
ap,=(2d%r?—3d3—29d%r?+ 39d%+ 12 r2— 156d
—1822+200)/4,

axz=—(3d—8)(d3+d?r?—11d?— 11dr?+ 38d
+26r2—44)/4,

ape=—(d*r?+2d%*—18d% 2+ 2d3— 29d?r*+ 114d%r

PHYSICAL REVIEW D 59 054023

Ap=—(14r)(2+4r—r?)L . —(1-r)(2—4r—r?)L_

1
—m?+2r%(logr+1).

+2Iogzr+3

It vanishes as —0, whereas at=1 it reproduces the result
of Ref.[24] (namely, the one with heavy quark Igop

In the QED caseTg=1, Cc=1, C,=0, a;—a), the
formula(3.6) is closely related to the contribution of a lepton
with massm (e.g., electron or) to the magnetic moment of
a lepton with mas# (e.g., muon. Adding back the massless
contribution [which was subtracted in Eq3.6)] and reex-
pressing the modified minimal subtraction schenMSj
coupling in the one-loop contribution via the on-shell cou-
pling a(M)=a[1—(2a/3m)logr], we find that this contri—
bution is given by Eq.(3.6) with Ar—Ar—5logr—=2. It
was calculated irf2]; our result agrees Wlth itand has a
simpler form).

Expanding Eq(3.6) atr<1 andr>1, we obtain

Ar=372r+2(4logr+3)r2—=37%r3+2(2 log?r— %' logr

dge(2n
+im2+ )i+ E (29,:(2n)|09r+%)r2“

=> | —2g¢(—2n)logr + dor(~2n) ro2n,
dn

n=0

Ap=37?r +3(log?r +4 logr + : w?—3)r?— 1 7r3

dgA(zn)) on
r
dn

o

+2

2ga(2n)logr +

=2log?r+ % logr+ 72+ 22

—18d%+129dr*—299dr2+ 44d— 182r* i (
+ —2ga(—2n)logr
+2822-28). 24| ~29a(~2n)log
Discontinuity in the limitm—O0 in the C, term has can- dgA( 2n)
celled. The difference of this contribution and that of a mass- dn '
less flavor is finite az—0; it represents the amount by
which the b quark chromomagnetic interaction coefficient
changes due to a nonzero mass afuark?® 9e(X) = 1 5 n 4
F x—1 x—3 x—4’
AC, TF 8CFAF+ CAAA , (3.6
4 3 2,6 3 1
9a) ==L+ 3T T2 %3

Ap=—r(1+r)(1-r—4r®)L +r(1-r)(1+r—4r?)L_

4
logr+ =/,

2
+6r 3

®There is a typo in the Appendix ¢24]: J, ; , should read); ;
0n the notations of5], Ap=A,—4A;.

Note that loop effects of a very heavy flav@ay,t) do not
decouple inC,,, because it is not directly measurable. Add-
ing (—%logr—2) to the expansions ofg, we obtain the
expansions of the contribution of a lepton with mast the
magnetic moment of a lepton with mabs in QED; they
agree with the expansions {#] obtained in[29]. It is also

easy to obtain as many terms as needed in the expansions as
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r—1 using the formulas fok _ via 1—r or 1—r “![see Eq.  This relation has a very simple physical interpretafibihe
(2.19] and for L,+L_ via 1—r? or 1-r 2 [see Eq. spin-orbit interaction is the interaction of a movifigonrel-
(2.19]. ativistic) heavy quark with chromoelectric field. In the quark
rest frame, the field acquires a chromomagnetic component.
IV. CONCLUSIONS The quark chromomagnetic moment interacts with it, pro-
) ) ducing the term £,. There is also Thomas precession,

We have presented an algorithm which reduces any scalgfhich compensates half of the chromomagnetic contribution
integral 1 (ny,n,,n3,n4;Np) [given by Eq.(2.19] to two  at the tree level. This is a purely kinematic effect due to
trivial basis integral§2.1) and two nontrivial ones, whose  Lorentz transformations, and hence it gets no corrections.
expansions up to the finite terms are given by Eg<.2 and The influence ofm. on other 1y/n§ terms in theb quark
(2.13. The algorithm has been implemented a®EDUCE ~ HQET Lagrangian, as well as onmy expansions of various
package. It has been tested by evaluating about 27000 recupCD currents, can also be calculated using the presented
rence relations for specific values of, including those re- method.
lations which were not directly used for construction of the
algorithm. This package allows one to calculate, completely
automatically, the on-shell two-loop self-energy diagrams ACKNOWLEDGMENTS
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chromomagnetic interaction coefficie(8.6). Combining it on the manuscript, and to J.G. Ker for his hospitality in
with the result form.=0 [24], we have numerically Mainz during the final stage of the work. A.l.D.’s research

was essentially supported by the Alexander von Humboldt
Foundation, and partly by the EU grant INTAS—93-0744.

2
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APPENDIX A: INTEGRALS IN d DIMENSIONS

The effect is moderate and positive. This is the only non- Here we present the most general results for the integrals

trivial coefficient in the HQET Lagrangian up tondy, level. E;fl)érgﬁr;r;dlcaésv é??totfhe rrgsgltzt(c))Isth|rs]Or;mpg)ﬁlndg(]earit?l t\éallec:
Due to reparametrization invarian¢80], it also deter- ones. we sﬁbrs)tituta ’p pag ' y 9
mines[31] the spin-orbit interaction coefficient—the most ’ i Vi

: ) . . Using Mellin-Barnes contour integral representation for
important spin-symmetry breaking coefficient artnit , ) - . .
the massive denominatd , " (for details, see ii32]), we

Codm)=2Cp(n)— 1. (4.2 get

S

(—-s)T

2

m2

Md—2V1—2V2md—2V3—2V4 1 oo
(V1 vz v3 ) = SR T () ﬁﬁmds

d
v+ VQ—E—S

T(va+8)T(vy+5)T

d
V3+ Vp— §+S)F(d_ V1_2V2+ 23)

x T(vat st 25)T(d—v;— 1+ 9) '

where the integration contour separates right and left series of polefusictions occurring in the numerator of the integrand.
If we close the contour to the right, we should sum over two series of polEse general result can be presented as

1¥The package may be obtained from http://iwww.inp.nsK.gtazin/

2A.G.G. thanks 1.B. Khriplovich for this interpretation.

131f we close the contour to the left, we get a more cumbersome result in terms of the hypergeometric sefidé%fcorresponding to
the analytic continuation of EAL).
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d d
F<__ V1— Vz)F(V1+ 'V2+ V3+ v4—d)F( V1+ V2+ V3— E)r V1+ V2+ Va— E)

2

d—vi—vo—v3—vy

|(v1,v5,v3,v4)=(M?)

d
T(v3)T ()T E)r(2yl+21/2+1;3+1;4—o|)
V1+V2+V3_§,V1+V2+V4_E,Vl"‘V2+V3+V4_d,%V1,%(V1+1) M2
*sFa d d d dm
vi+t vt 3(vatv)— 5, vt vot 3(vatvgtl)— s v+ v,— = +1z
2 2 2 2
d
M2 d/Z—Vl—VZF V1+V2_E T V3+V4_§ F(d_Vl_ZVz)
m? L(v)L (vatv)T(d=v1— 1))
d 1 1
V3,V4,V3+V4_E:E(d_V1_2V2)a§(d_V1_2V2+1) M2
XsFy d =y ; (A1)
%(V3+V4),%(V3+V4+1),d_V1_V2,E_V1_V2+1

where

ay,...ap

): S (ay); ... (ap); 2
j=0

P CYRNCSET

Cl’ - ,CQ
is the generalized hypergeometric function)&I'(a+j)/I'(a) is the Pochhammer symbol.

For trivial cases/;=0 andv;=0 (or v,=0), the expressiofAl) reproduces known results in termslofunctions. When
v,=0 (the “sunset” configuratioj the same resultAl) can be reproduced in this limite., p?=M?2 and two other masses
are equal by taking two sums in the hypergeometric series of three variables presented [I38ef.

One can see that for integéron-negativg values ofy; both sF, functions in Eq.(A1) reduce, for arbitrarg, to a finite
sum of ;F, functions of the same argument. For example, we get for our basis intégral$1,0,1,1) and;=1(1,1,1,1):

o (m)tz] o1 . 15,-1+2s| M2| [Mm2\'"° i le,3—¢| M2
T2(1+e) e21-e)| 172> % 2-gi4e |[m2) \m2) ¥ 2323 m?) [’
Iy (m?)~2¢ 1 15,2 |M2| (M2\™° 1 le,5—¢&| M2
=- F — |-l =] —=gF — ¢,
I'?(1+¢) 2 | 2(1—g)(14+2e) 3 2 2—¢g,3+g| M? m| 1-2¢%7? 2-2¢,8| m?

exactly ind=4—2¢ dimensions:* Expansion ofl, andl, in & up to finite terms is given in Eq$2.12,(2.13.

APPENDIX B: VARIOUS WAYS TO CALCULATE Therefore,
BASIS INTEGRALS

Using a procedure similar 7], the result(2.13 can be m48|1=rf d—pm4£|(2,0,1,])|r_>p, (B2)
derived as follows. Note than**l, and m*°1(2,0,1,1) are rp?

dimensionless and depend only o m/M. Differentiating ,

the definition(L.1) in M and taking into accoui=Muv, we The expression fot(2,0,1,1) can be taken, e.g., from Ref.

see thai ; should obey the differential equatitn [8]:

r2(d/dr)[r ~*m*1,]=-m*I1(2,0,1,D. (B1) 1(2,0,1,) i+i_3_2|092r+2(1_r2)
I'’(1+e) 2

— 2\ —2¢
(M9) o2 2

f M=m, one arrives at a representation in terms;Bf func-
tions of the unit argumerftL1]. X(Ly+Lo)
15This equation can also be derived using the metholB4f

+0(e). (B3)
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Substituting Eq(B3) into Eq. (B2) we get Eq.(2.13.
An alternative derivation follows the method used ).
The integralg1.1) can be presented as

y ) i [ (k%) d%
nqi,N5,N3,Ny :__d/2 - ,
77 DDy’ p2=M2
T a@e_ di
ngn, (K9 =~ —an W- (B4)

For instance, when we consider integrals witt=1 and
n,=2 we get

4m?
1_ F.
(B5)

A—1
4mA\

5 +1
le(k )= |Ogm+0(8), A=

Moreover, we know thail;,(k?) may be represented via
dispersion integralll1,,(k?) = fdsp(s)/(s—k?), the explicit
form of the spectral density(s) being not relevant for our
discussion.

As the first example, let us consider the integral
1(2,0,1,2), which is convergent. Substituting the spectral

representation fofl,,, combining the denominatoﬂsf and

(s—k?) by the Feynman formula and, then, calculating the

integrals ovelk ands, we arrive at

1 X
I(2,0,1,3=f0dxm1'[12(k2) +0(e).

k2= —M2x2/(1-x)

(B6)

If we consider, say,(3,0,1,2), we get in the integrand
(dIT;(k?)/dK?) |g2— —m2x2i1-x) - The second example is

PHYSICAL REVIEW D 59 054023

X(A(x)—1)
y:—

_r(1-y?)
ar X

y+r

1 dx r(l—y?)

Ax) dy (y+r)2’ (B9)

we see that all occurring structures become rational, since

1+2ry+y? NX)+1  1+ry
X)= =

1=y A0-1 ya+y) B0

Therefore, the integralB8) can be expressed in terms of
dilogarithms. In this way, from EqB6), (B7) we obtain

L,+L_
M2

1(2,0,1,2= +0(e),

12112 1 |
[2(1+g) 4M2m2*4|

—§+r(L+—L_)+2 +0O(s).
(B11)

I'l'his is enough to reproduce Eq2.12), (2.13.
Similar procedure can also be applied to the integrals
I(nqy,n5,n3,n,) with other values oh;, as soon as a suit-
able subtraction can be performed. Apart from subtracting
Hn3n4(0) (and higher terms of the Taylor expansionkif),
subtractions oﬂn3n4|m=0 may also be considered.

Some further results of interest are

1(2,1,1,2). In this case, the on-shell singularity can be sepa-

rated viall;(k?) =[I1,,(k?) — [1;5(0)]+ I1,5(0). Note that
[T1,5(k?) —T1,(0)]/k?= fdsp(s)/[s(s—k?)]. In this way,
we obtain

1(2,1,1,2 (Mm)=272¢  r1 x
I'?(1+¢) 4e o 1-x
><le(kz)—le(O)
k2

+0(e).
k2= —M2x2/(1-x)

(B7)

Integrals withn,>1 require more subtractions, and those

with n;>2 involve derivatives.
After inserting the expressio(B5), the integrals ovekx
are of the following form:

i

where )\(X)E)\lkzz—szzl(l—X) [Cf Eq. (BS)], while A(X)

AX) AX)+1

W og—)\(x)_1 +B(x) |dX,

(B8)

andB(x) are rational functions. Introducing the new variable

y (the limits of they integration are also from 0 to),1

Lo+l L.-L_
(10,29=—2— 5= ———+0(e),
(20285 ——r(L.—Lys2- 299 L o,
0,22=———r(L,~L_)+2- 8).
amzm? 1-r2

In particular, if we takd (2,0,1,2) and (1,0,2,2) as indepen-
dent finite integrals, we get only “purel’ , =L _ combina-
tions, without logarithms, etc.

The result2.12 and(2.13 can also be checked by using
the formulas of Appendix A in5]. The quantities\; , ;were
calculated there, which are certain combinations of the inte-

grals
[ f
7972

:I(nlan2!111)|m=0_ I (n11n21111)

P(k2,m)—P(k?0) g

dk
n n
DD 2

(M?)27M="23(ny ,ng)=—

+2I(ny,ny+1,1,0)
2

4m
+ d—_2| (ny,ny,+1,1,7), (B12

where

054023-8



EFFECT OFm; ON b QUARK CHROMOMAGNETIC ...

P(k2,m) (1+ m* I1,4(k?) 211
1m =- 5 I
(d—2)k2 11 K2 10
1 2m?
=m *T(1+e)| ——+| 1+ —-
e k2

X +0O(s) (B13)

RS
0% 1

is proportional to the fermion-loop contribution to the gluon
polarization operatol® When an integral contains neither ul-
traviolet nor infraredon-shel) singularities, it can be calcu-

lated in four dimensions. Averagingl:!?l over the direc-

tions of k in four-dimensional Euclidean space, we obtain

An /D3, whereAg=A_1=1, A;=X, Ap=x%(2-X), and
k?=—M2x?/(1—x). Therefore, convergent integrals are
given by

1
3(ny.ng)= focbnan(x)[P(kz,m)

—P(K%,0)]ie= ~m221-xdx  (B14)

q)nlnz(x) = Anl(X)X372n172n2( 1- X)n1+n273(2 - X)-

In terms of these integrals, the quantiti&s, ; used in[5]
can be expressed as

A;=5[23(1,)+3(2,0], A2=3[3(1,)-3(2,0],

As=1[3(0,)—J(1,0—I(2,0]. (B15)

This coincides with the integral representati¢fg Explicit
expressions fon\; given in Eq.(A2) of [5] [which can be
obtained using the substitutigB9)] provide three indepen-

PHYSICAL REVIEW D 59 054023

P(k?,m)—P(0,m)

(M2)27nlfn2\](nl,n2)_——_ I_j o n dk
i/ D'D,?
= —( ) 1(ny,n,,2,0
3(d 2) ( 1:112:4, )

=1 (n11n2!111)+2| (nlvn2+ 11110)
m2

+ ﬁl(nl,n2+ 1,1,1)

(B16)

have better infrared convergence but worse ultraviolet con-

vergence. We defind , ; via

J2,)=A,, J(2,0-3(1,1)=A4,, (B17)

J(o,l)—J(l,O)—F(l,l):K3+zf—ea_(o,z). (B18)

The combination of integrals on the left-hand side of Eq.
(B18) is rather interesting. Ak—c, the combination of
their denominators behaves as

1 1 1 e +O( 1
_ _ N ~1
M2D, M?D;, DD  (2—¢)k? K8

where (on the right-hand sideterms vanishing when aver-
aged over the directions &fare omitted. The tern®(1/k®)
gives an ultraviolet-convergent integral. The teés/k*)
might have been omitted, if an arbitrarily large ultraviolet
cutoff were considered. Without the cutoff, it gives a purely
ultraviolet contribution (similar to the axial anomaly

£J(0,2)/(2—¢). The termA can be calculated at=4 us-
ing the convergent integral representation widbyq(X)
—®4o(x)—P44(x). Using Eq.(B9), we obtained

A= (1+0)(4—r+r3)L,+3(1-r)(4+r+r3)L_

+(3+3rd)logr+ 5 +3r2,

dent checks on our basis integrals. Note that the integral A,=3r(1-r2)(L.—L_)+2(2—3r2)logr+ % —6r2,

calculated in3]is A=F(A;+Aj).
The integrald’

¥In  Refs. [3,5] the notation II(—m*k?)=[P(k?m)

—P(k?,0)]4=4 has been used. To get tliedimensional unrenor-
malized contribution to the gluon polarization operator, E{L3)
should be multiplied by-2T-g3(47) " ¥%(d—2)/(d—1).

An integral of this type was considered [4], where the nota-
tion TI(k?)=[P(k?,m)— P(0,m)]4_, was used.

As=3r(1+1)%(1—2r)L,—3r(1—r)3(1+2r)L_
—3(1-4r?)logr+%4 —15r2

and checked that these expressions agree awitimensional
results obtained by our program @s-4. The integral calcu-
lated in[4] is A= (4A,+3A,—2A;). Equations(2.12
and (2.13 can be reconstructed from any two out of four
independent integrals frof3-5].
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